The Euler form of a pointwise metric connection
This section describes the construction of the Euler form of a pointwise metric connection. For technical details we will also refer the reader to [1] . In what follows the manifold M is a smooth, closed and even dimensional manifold of dimension n = 2m. Let us briefly remember the construction of the Euler form associated to a Riemannian connection. Let M be an n-dimensional oriented manifold, g a Riemannian metric, and D its associated Levi-Civita connection. Let (e i ) i=1,··· ,n be a positive local orthonormal frame with respect to g and let (θ i ) i=1,··· ,n be the connection forms with respect to the frame (e i ) i=1,··· ,n . They are defined by the equations (1) De j = θ ij e i .
1
The matrix (θ ij ) is skew-symmetric. The curvature forms are defined by Cartan's second structural equation
and the matrix (Ω ij ) is skew symmetric as well. The matrix (Ω ij ) globally defines an endomorphism of the tangent bundle, and therefore the trace is independent of the choice of the local frame (e i ). Moreover, since the matrix (Ω ij ) is skew-symmetric, its determinant is a "perfect square", hence the square root is also invariant under a change of the positive local frame. A heuristic definition of the Euler form of D is
From (3) we see that E is an n-form defined globally on M, hence it defines a cohomology class.
In order to define the Euler form of a pointwise metric connection we need first some linear algebra and local considerations. Let V be a 2n-dimensional vector space and let A be a skew-symmetric matrix with 2-forms as entries, that is
The Pfaffian P f is map
which, for a matrix
and Π is the set of all partitions of the set {1, 2, 3, ........2n} into pairs of elements. Since every element α of Π can be represented as
., (i n , j n )}, and since any permutation π associated to α has the same signature as
the equality (4) makes sense. The following lemma will allow us to define the Euler form of a pointwise metric connection.
for some nonsingular matrix U with positive determinant. Then
Proof. It is known that if
for some orthogonal matrix Q, then
where ±1 = det Q (for a proof of this fact see [2] , Appendix C, Lemma 9). From our assumption that both A and B are skew symmetric and conjugate and if U is a diagonal matrix then it actually follows that A = B and hence
. If U is an arbitrary matrix with positive determinant then by the Singular Decomposition Theorem for real matrices we have
with S, L orthogonal with positive determinant and D diagonal with positive entries, so it follows that
Remark: The fact that the two matrices in the hypothesis of Lemma 1.1 are skew symmetric is essential. In general the conjugate of a skewsymmetric matrix is not skew-symmetric. Lemma 1.1 will allow us to construct the Euler form of a pointwise metric connection. The construction is as follows. Let ξ be an oriented vector bundle over a manifold N, and let ∇ be a connection in ξ. Let E be the total space of ξ and let π : E → N be the canonical projection onto N. Now let us consider p ∈ V ⊂ N where V is an open neighborhood and h a local metric compatible with ∇ at p. If k ∈ 2Z is the dimension of the fiber of ξ then let ν = (ν 1 , ν 2 , ....., ν k ) be a positive oriented local orthonormal frame w.r.t h, that is h(ν i , ν j ) = ±1.
The connection forms θ ij ∈ Ω 1 (V ) are defined by
and the curvature forms Ω ij ∈ Ω 2 (V ) are defined by
Because (∇h)(p) = 0, it follows that θ ij = −θ ji and hence
Now let us consider another metric compatible with ∇ at p, that is a metric g such that (∇)g(p) = 0. Let η = (η 1 , η 2 , ...., η k ) be a positive local orthonormal frame w.r.t g. Doing the same thing as before for this metric we obtain a skewsymmetric curvature matrixΩ ij . We obviously have
where A is the matrix defined by η = Aν, and for which det A > 0. Taking into account Lemma 1.1 we conclude that P f (Ω) = P f (Ω). Therefore we define the Euler form of the locally metric connection ∇ by
By definition E ∇ ∈ Ω k (N) is a globally defined form of degree k. We also have the following fundamental (local!) statement. The proof of Theorem 0.3 now follows. Proof.
Let g be a global Riemannian metric on M that has D as its Levi Civita connection. First we wil prove that ∇ can be deformed into the global metric connection D through pointwise metric connections. Second we will prove that E, the Euler form of ∇, and E ′ the Euler form of D, represent the same cohomology class. We begin by constructing a one parameter family of point wise metric connections on T M denoted ∇ t for t ∈ [0, 1]. Take p ∈ M. Let U be a contractible affine neighborhood of p. Since the restricted holonomy group of ∇ with respect to p is trivial, then there exist a UNIQUE Riemannain metric h on U such that ∇h = 0 and h(p) = g(p). Consider the metric on U defined by
and let D t be its Levi Civita connection. Let X be a tangent vector field on U and v ∈ T p M and we define the covariant derivative (
and that
First we need to prove that the deformation ∇ t of ∇ into D defines a pointwise metric connection on τ = π * (T M). We set
and note that g t = π * (h t ) are metrics compatible with D t on π −1 (p). We define the connection D on τ by defining its action on a smooth section σ of τ (9) (Dσ)(x, t) = (D t σ)(x, t).
On π −1 (p) = {p} × R we define a metric g by (D X g)(p, t) = ((D t ) X g t )(σ 1 , σ 2 )(p, t). Therefore (D X g)(p, t) = 0. It follows that the connection defined by (9) is pointwise metric and its Euler form A is well defined.Thus according to Theorem 1.2 we have that dA = 0. We define a family of maps
